Let X be an n-dimensional connected scheme smooth and projective over C. We decompose the motive Hom(L n−2 , M (X)) using intermediate Jacobians. We also construct a morphism M2n−2(X) → M (X) induced by a conjectural Chow-Künneth decomposition of M (X).
1. Introduction 1.1. Throughout this paper, for brevity, put
whose definitions are in [2, 11.1.1]. Here, k is an algebraically closed field, and for most part (from (1.3)) of this paper, we assume that k = C. Let What is the generalization of (1.2.1) for higher codimensions? The answer will give also a decomposition of each motive in the slice filtration [5] 
of M (X).
When k = C, we use intermediate Jacobians to study the question as follows. Theorem 1.3. Let X be an n-dimensional connected scheme smooth and projective over C, and let d ∈ [1, n] be an integer. Then
Organization of the paper. In Section 2, we prove (1.3(1)) by constructing a morphism
alg,Q (X) and its section. In Section 3, we prove (1.3(2)) by constructing a morphism Hom(
a,Q (X) and its section. In Section 4, we prove (1.5) by constructing the other pieces and using [9, 7.3.10] . In Section 5, we discuss some conjectures other than (1.7).
1.10. Conventions and notations. Alongside (1.1), we have the following.
(1) Let T be a complex analytic variety or a scheme over an algebraically closed field k. We denote by cl(T ) the set of closed points of T .
(2) Sm/C denotes the category of smooth C-schemes.
(3) For any Q-vector space V , consider the constant Nisnevich sheaf with transfer on Sm/C associated to V . We denote by V (by abuse of notation) its associated object in DM eff Q .
2. Proof of (1.3(1)) Definition 2.1. Let X be a scheme smooth over C, and let d be a nonnegative integer. We put
where ∼ alg (resp. ∼ hom ) denotes the algebraic equivalence relation (resp. homological equivalence relation for the singular cohomology. We also denote by
the corresponding ones defined for Q-coefficient. Definition 2.2. Let X and Y be schemes smooth over C, and let d be a nonnegative integer. We put
When Y is connected, we put When Y is not necessarily connected and has the connected components {Y i } i∈I , we put
We consider CH We also denote by
the corresponding ones defined for Q-coefficient.
Proposition 2.3. Under the notations and hypotheses of (2.2), the homomorphisms
Proof. The homomorphisms are surjective since i *
is surjective. The homomorphisms are injective since the kernels of the homomorphisms Proof. Let Y be a connected scheme smooth over C, and let p : Y → Spec C denote the structural morphism. Then let y ∈ Y be a closed point, and let c y : y → Y denote the closed immersion for the point y. Consider the homomorphisms
induced by p and c y respectively. The composition is an isomorphism since c y p = id, and the second arrow is an isomorphism by (2.3). Thus the first arrow is an isomorphism. This shows that NS 2.7. Let X be an n-dimensional connected scheme smooth and projective over C.
in DM eff . We also have the morphism
In conclusion, we have the morphism
in DM eff . Thus we get the morphism
Under the notations and hypotheses of (2.7), the above morphism has a section in DM eff Q .
Proof. Since NS d alg,Q (X) is a Q-vector space, it has a basis {a i } i∈I for some set I. Then NS 
Now we have bijections
where Set denotes the category of sets. Choose
corresponds to a section of (2.7.2).
The quotient homomorphism NS
hom,Q (X) has a section since they are Q-vector spaces. Thus we have a decomposition
and then (2.8) completes the proof of (1.3 (1)). Proof. The question is Zariski local on Y , so we reduce to the case when Y is integral and affine. Then the statement follows from the classical fact that the category of varieties quasi-projective over k is a full subcategory of the category of schemes over k.
3.2.
We review here several facts about intermediate Jacobians and Abel-Jacobi maps. Let X be an n-dimensional connected scheme smooth and projective over C, and let d ∈ [1, n] be an integer.
(1) For x ∈ cl(X), we have the Albanese map Alb X,x : X → Alb(X) mapping x to 0. 
of abelian groups where the vertical arrows are the obvious inclusions, and the upper horizontal arrow is surjective. When d = n, we have that J n (X) = J n a (X) = Alb(X). (5) We denote by Alb(X) (resp. J d a (X)) (by abuse of notation) the element in DM eff associated to the abelian variety Alb(X) (resp. J d a (X)). See [11] for the definition. We also denote by Alb Q (X) (resp. J 
of abelian groups such that for y ∈ cl(Y ) and Z ∈ CH 
of abelian groups commutes where Sch C denotes the category of C-schemes, and α and β denote the homomorphisms induced by V . To show this, we may assume that Y and Y ′ are connected and V is an elementary correspondence.
Here, we will review the definition of β given in [11, 3. 
Our next goal is to construct its section in DM eff Q . In [12, 2.3.3] , it is shown that there is a curve C smooth and projective over C (not necessarily connected) and an element Z ∈ CH d (C × X) such that the induced homomorphism ψ Z : Alb(C) → J d a (X) of abelian varieties is surjective. From (3.2.1), we have the commutative diagram 3(1) ).
4. Proof of (1.5) Lemma 4.1. Let M be an object of DM eff Q , and let α, β : M → M be projectors. We put F = im α, G = im β.
Assume that Hom
Proof. The assumption implies that αβ = 0. Using this, we have that
Thus β − βα is a projector orthogonal to α. Since
we have that im β ∼ = im(β − βα). Thus α + β − βα is a projector whose image is isomorphic to F ⊕ G.
4.2.
Let X be an n-dimensional connected scheme smooth and projective over C with n ≥ 2, and let x be a closed point of X. Note that 1 and Alb Q (X) are direct summands of M (X). Then
are direct summands of Hom(M (X), L n ), which is isomorphic to M (X) by [7, 16.24] . Thus using [7, 16 .25], we see that L 2 and L ⊗ Pic 0 Q (X) are direct summands of Hom(L n−2 , M (X)). We also have that NS (2.9) . Thus to prove (1.4), by (4.1), it suffices to show that
These follow from [9, 7.3 .10] because of the following reasons.
(i) The motive L 2 is isomorphic to M 4 (S 0 ) for some S 0 .
(ii) The motive Pic
Here, S 0 , S 1 , S 2 , and S 3 are (not necessarily connected) surfaces smooth and projective over C. This completes the proof of (1.4).
Conjectures
Definition 5.1. Let X be an n-dimensional connected scheme smooth and projective over C, and let d ∈ [1, n] be an integer. Consider the homomorphism
5.2.
Here, we give two conjectures other than (1.7).
Conjecture 5.3. Let X an n-dimensional connected scheme smooth and projective over C with n ≥ 2. Then CH In particular, we have a nonzero morphism M 2 (X) → 1 in DM eff . This contradicts to the conjecture [3, 5.8] .
